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Abstract

Graph theory is a fundamental and powerful tool for designing
and modeling networks. It plays a vital role in diverse real-world
systems, including social, computer, biological, ecological, and neural
networks. Convex polytopes are convex sets of elements contained in
the Euclidean space R™. They arise in numerous domains such as linear
programming, finance, computer science, electrical engineering, bioin-
formatics, and chemistry. From the graph-theoretic perspective, some
sharp upper bounds for the partition dimension of convex polytopes
have been established recently. Inspired by this, in this paper, we aim
to investigate the fault-tolerant partition dimension (FTPD), which
is an extension of the partition dimension. Here, we compute bounds
for the FTPD of certain convex polytopes. These results contribute
to a deeper understanding of the robustness of network structures
modeled by convex polytopes and may support further applications in
fault-tolerant system design.
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1 Introduction and Preliminaries

Convex polytopes are basic geometric objects that include a wide range
of mathematical problems and structures. Convex polytopes’ fundamental
theory addresses faces, normal cones, duality, and especially polarity. In
systems biology, a convex polytope represents the flux space associated
with a metabolic network. Important biological insights can be obtained by
uniformly sampling the interior of the polytope [11]. In computational finance,
the collection of all feasible stock market portfolios forms a convex polytope.
Volume computation and uniform sampling of this set are useful techniques
for identifying potential financial crises [7]. Numerous mathematical fields,
including integration theory, algebraic geometry, algebraic topology, linear
and combinatorial optimization, and system control, have benefited from
the use of convex polytopes [10, 30]. Convex polytope graphs are created
by maintaining the polytope’s vertex-edge incidence relation. Imran et al.
have researched the metric dimension (MD) of different types of convex
polytopes [16, 17]. Slater [31] introduced the concept of the MD of a graph,
followed by Harary et al. [12].

Partition dimension (PD), a generalized form of MD for graphs, is ap-
plied in areas such as computer networking, optimization [19], and chemical
structure modeling [12]. Chartrand et al. developed the idea of PD of graph
as an extension of MD of graph in 2000 [8]. Let G be a connected graph of
order n, where the vertex set is V(G) and the edge set is E(G). Let J be
a subset of vertices in G then d(u,w) represents the distance between ver-
tices u, w and d(w, J)= min{d(w,y)|y € J} represents the distance between
a vertex w and the subset J.

Consider the ordered subset u = {wy,ws,...,w;} of V(G). An I-
tuple, r(y|pn) = (d(y,w1),d(y,ws),...,d(y,w;)) is called the representation
of vertex y with respect to u. The set u is a resolving set of G if the
representations, r(y|u), are distinct for each vertex of G.

The MD of the Cayley graph was calculated by Rezaei et al. [25]. MD
for connected networks has been investigated recently in [1]. The concept of
fault-tolerant metric dimension of graphs was first proposed by Hernando
et al. in 2008 [13]. If u \ {a} is a resolving set for each a € pu, then the
resolving set p of V/(G) is fault-tolerant. The fault-tolerant metric dimension
of G is the minimal cardinality of the fault-tolerant resolving set p and is
represented by, BI(G). Fault-tolerant metric dimension for circulant graphs
has been explored by Saha et al. [27, 26].

Let © = {01,0,,...,0;} be a partition with [—partition classes of
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V(G). The representation r(w|©) of vertex w with respect to partition ©
is an [—vector given as r(w|0) = (d(w, ©1), d(w, ©2),...,d(w, Oy)). If all of
the vertices in G have different representations, then © is referred to as the
resolving partition of G. The pd(G) represents the PD of G, which is defined
as pd(G) = min{|©| : © is resolving partition of G}. Graphs with partition
dimensions of 2 or n were described by Chartrand et al. [8]. For different
classes of linked networks, the PD may be infinite, bounded, or constant.
For example, [14] and [18], respectively, examine the PD of the generalized
Mobius ladder and a few wheel-related graphs. Asim et al. [22] examined
the circulant graph C(1,2,3,4)’s PD. Chu et al. suggest sharp constraints
for PD of convex polytopes [9]. The computation of MD for general graphs
is NP-hard, as demonstrated by Khuller et al. [20]. The problem of PD is
also NP-hard since it is a generalized version of MD.

Salman et al. established the notion of fault tolerant partition dimension
(FTPD) [28]. Let ® = {01,09,...,0;} be a partition with [ partition
classes of the vertex set of connected graph GG. This O is said to be fault-
tolerant partition generator (FTPG) of G if for each pair of distinct vertices
u,z € V(G), r(u|®) and r(z|0) differ in at least two places. The FTPD of
G, is denoted by F(G) and defined as, F7(G) = min{|©| : © is FTPG of G}.
The FTPD of cyclic networks [3], tadpole and necklace graphs [4], mesh
related networks [2], cycle related graphs [6], and chemical graphs [5] has been
revealed by Kamran et al. They also gave applications of FTPD in scenarios
of supply chain optimization problem, routing optimization problem, water
flow in a locality, and sensors deployed in homes ([3, 4, 2, 6]). The use of
PD and FTPD for addressing schemes for oxide interconnection networks
has been discussed in [24]. Asim et al. [21] have computed the lower bound
of FTPD for regular graphs. The motivation for introducing the concept
of the fault-tolerant partition dimension (FTPD) stems from the growing
need for resilient and robust systems in modern networked environments.
In real-world applications such as sensor placement in smart cities, fault-
resilient communication in distributed systems, and structural monitoring
of infrastructure networks, it is crucial to maintain the integrity of network
identification even in the presence of node or communication failures. FTPD
ensures that even if a single partition class becomes ineffective or unavailable,
the distinguishing capability of the partition remains intact. This added
robustness enhances the practical utility of graph-theoretic techniques in
domains such as network security, supply chain optimization, and disaster
response systems. We extend this discipline in the paper by extracting the
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bounds on FTPD of convex polytopes T, R,, and U,.
The following lemma provides a lower bound on FTPD:

Lemma 1.1 ([23]) A graph G of order n > 5 has F(G) > 4 if G includes
a node of degree at least 4.

Following are some useful results on F(G) revealed by Salman et al.

Proposition 1.2 ([28]) Consider a connected graph G with order n > 2,
(a) pd(G) < F(G).
(b)) F(G)=n <= G=K, orG= K, —e.

Proposition 1.3 ([29])
(a) Consider a connected graph G with order n > 2, F(G) < ' (G) + 1.

(b) For a connected graph G of order n >3, 3 < F(G) < n.

Section 2, of the remaining part of the article is devoted for finding the
bounds on F(T,). In Section 3, we are concerned in finding the bounds on
F(Ry). Section 4, includes the bounds on F(Uy,). Application is included in
Section 5. Finally, in the last section, we conclude the paper by raising an
open question.

2 FTPD of Convex Polytope T,

A convex polytope denoted by T, has 3-sided, 5-sided and n-sided faces.
Vertices of (1),) for n > 3, are divided into three sets, A = {a; : 1 <i < n},
B={b:1<i<n}and C ={¢ :1<1i<n} Thecycle formed by
{a; : 1 < i < n} is called inner cycle, the set of vertices {b; : 1 < i < n}
called the central vertices and the cycle formed by {¢; : 1 < i < n} called
outer cycle. The set V(T,,) = AUBUC and E(Tn) = {a;a;4+1: 1 <i <
n—1}U{ara,}U{arby,}U{aib; : 1 <i <n}pU{bjait+1:1<i<n—1}U{bic:
1<i<n}U{ccit1:1<i<n-—1}U{cic,} are vertex and edge sets of
convex polytope 1), respectively. Graph of T§ is displayed in Figure 1.
The (7)) has been computed in [15].

Lemma 2.1 ([15]) For every n > 6, B(T;,) = 3.

The following theorem will allow us to compute the bounds on FTPD of T;,.
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Figure 1: Convex Polytope Tg.

Theorem 2.2 Let T, be a convez polytope with n > 3, then, 4 < F(T,) < 5.

Proof: Let © = {01,02,03,04} be a partition of V(T},) for n = 3,
and 4. For n = 3, consider, ©; = {a1},02 = {a2,b1,b2},03 = {as}
and ©4 = {b3,c1,c2,c3}, and, for n = 4, consider, ©1 = {a1,b1},02 =
{ag,ag,bg}, O3 = {a4,b3,b4} and O4 = {61,62,63764}. Easily it can be seen
that © is a FTPG for n = 3 and 4.

Now suppose, © = {©1,03,03,04,05} be a partition of V(T,,) for
n > 5. For n =5, consider, ©1 = {a; : 1 <i <5}U{b:1<i<5},09=
{c1,c2},03 = {c3},04 = {c4} and O5 = {c5}. For n = 6 and 9, consider,
O1={a;:1<i<nju{b:1<i<njU{c:1<i<p—1}U{cpi2},02 =
{co}, O3 ={cpt1},Os={ci : p+3<i<n—1}and O5 = {c,}. It can be
verified that © is an FTPG for n = 5,6 and 9.

Case 1: When n = 3p for p > 4.
The representation of vertices of T}, (R,(V (T3,)) w.r.t © considering
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@1:{%‘21§i§n}U{bi21§i§n}U{Ci11§i§
o — 1} U {Cp+1,Cn,SO,1}, @2 = {69}793 = {Ci ) + 2 < l <

n—p—2},04={ci:n—p<i<n-—1} and ©5 = {¢,} are shown
in Table 1 and representations can be generated by substituting
appropriate values.

Table 1: R,(V(T},)) w.r.t O considering for n = 3p,p > 4

| Distance of vertex

Hfrom @1[ from O [ from O3 [ from O4 [ from O5 ‘

ai(1<i<p) 0 p+2—i | p+4—i i+2 i+ 1
Qpt1 0 2 3 p+1 o+ 2
arz1+(1<i<[8]-1) 0 [Ig1+i+1 2 5/ +2—il[5]+2—7
azp-1+i(1 <i < [9] +1) 0 p+i i+2 2 p+3—i
an_ 24 (1<i<[§]) 0 (2] —i+2|[$]+i+3 2 [&]—i+2
bi(l<i<p-1) 0 p+1—i | p+3—1 i+ 2 1+ 1
be 0 1 3 p+1 o+1
bo+1 0 2 2 © o+2
bp+1+i(1§i§>%i—1) 0 ’i+2 2 p—i p+2+i
bra(1<i<[5]—2) 0 JI§]+i+1 1 [ST+1—di[5]+1—7d
bap—1 0 @) 2 2 o+ 2
b2p—l+i(1§i§"%‘|+1) 0 o+ i+ 2 1 o—1+2
bo_g)(1<i<[§]-1) 0 (2] —i+1|[£]+i+3 1 [£] —i+1
bn, 0 p+1 p+3 2 1
c(1<i<p-1) 0 p—1 p+2—1 i+1 P
Co 1 0 2 © ©
Cotl 0 1 1 p—1 p+1
Cp+1+i(1§if>%ifl) 1 i+ 1 0 p*’lfl p+1+74
(1 <i<[§]-2) 1 HEX 0 [§1—4¢ | [51—74
Cop—1 0 p—1 1 1 o+1
c2p-1+(1 < <[ 8]+ 1) 1 p+i—1 141 0 p—1i+1
g 1<i<[51-D|| 0 | [31-i |[B]+it2 0 (21—
Cn 1 ¢) p+2 1 0

Case 2: When n=3p+1 for p > 2.

The (R,(V(T},)) w.r.t © considering ©1 = {a; : 1 <i <n} U{b; :
1 <i<npU{e:1<i<p—1}U{cor1},02 = {cp}, 03 =
{ci:p+2<i<n—p—-1},0s={:n—p<i<n-1}
and ©5 = {c,} are shown in Table 2 which can be verified by
substituting appropriate values.
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Table 2: R,(V (T},

) forn=3p+1,p>2

Distance of vertex Hfrom 91[ from O [ from O3 [ from O, [ from Oj ‘

a;i(1<i<g) 0 pPp+2—1 | p+4—1 1+ 2 141
Apt1 0 2 3 o+2 po+2
apr1+:(1<i < [£]) 0 142 2 po+2—1 | p+2+1
arzy+i(1 <i<[9]) 0 [S]+i+2 2 [e1+2—df|2]+2—1
azpri+1(1 <i < | §)) 0 p+i+2 142 2 pP+2—1
aig1(<i<IBD || 0 [[3] i+2[g]+iv2 3 (5] -i+2
bi(l1<i<gp) 0 p+1—1 | p+3—1 1+ 2 141
bor1+i(1<i < |[5)) 0 142 1 p—1+1 | p+2+1
b1 <i<[e]l-D| 0 [[g+tive] 1 [[s1+1—d[[5]+1-3
bop+i(1 <1 < [9]) 0 p+i+1 1+ 1 1 p—1i+2
b ey (1<i<[£]) 0 [l —i+1|[5]1+i+1 1 (5] —i+2
bn, 0 p+1 P+ 2 2 1
c(l<i<p-1) 0 P—1 p+2—1 141 i
Cp 1 0 2 p+1 ©
Copt1 0 1 1 © p+1
CLgJH(lSlSL%) NG 0 |Gl +r1—i [2]—
c2p+i(1 <0 < [2]) 1 P+ 1 0 p—i+1
cnerioa(1<i<[5]) 1 [51—i | [§1+i 0 5] —i+1
Cn 1 © p+1 1 0

Case 3: When n =3p + 2 for p > 2.

The (R,(V(T},)) w.r.t © considering ©; = {a; :

1 <i<n}U{g:

1< n—

1 <i<p},00 ={cot1},03 = {c :
p—1},04={c;:n—p<i<n-—1}and O35 = {¢,} are

1<i<n}udb:

p+2<

shown in Table 3 which can be verified by substituting appropriate

values.

Table 3: R,(V(Ty)) forn=3p+2,p > 2

Distance of vertex Hfrom 61[ from O, [ from O3 [ from O4 [ from Oj ‘

a1 0 p+2 p+3 3 2

air1(1 <i<p) 0 p+2—i | p+3—1 i+3 i+2

Qo2 0 2 3 o+ 2 P+ 2
apra+i(1 << [8]-1) 0 i+ 2 2 p+2—i | p+3+1
a1 i< [9]) 0 [151+i+1] 2 [[5]+3—i[[3]+2—3
a2p+z+1(1<z f%]—i—l) 0 pt+i+1 i+1 2 p+3—1
A g)4:(1 <i < [F]) 0 (5] —i+2|[§]+i+2 2 (5] —i+2
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| Distance of vertex [[from ;] from ©; [ from O3 [ from ©, [ from ©5 |

bi(1<i<p) 0 p+2—i | p+3—1i i+2 i+ 1
bor1+i(1 <1< [2]) 0 i+1 1 p—i+2 | p+2+1
biaj(1<i<[%]) 0 [[B]+it1 1 [eT+2—d|[2]+1—i
bopri1(1 <@ <[%]) 0 p+i+1 i+1 1 p—i+2

bo_ejpi 1 (1<i<[£]) 0 3] —i+2[[§]+i+1 1 [§]—i+2
bn, 0 P+ 2 P+ 2 2 1
c(1<i<p) 0 p—i+1 | p+2—1i i+1 i
Cot1 1 0 1 o+1 p+1
cor1+i(1 <1< [2]) 1 i 0 p—i+1 | p+1+i
clz)+i(1<i<[g]) 1 [Z]+i 0 [Sl+1—i| [5]—1
c2pri+1(1 <i < [9]) 1 p+i i 0 p—i+1
g0 <i<[5D] 1 [[Z]—i+1] [51+i 0 [[F]-i+1
Cn 1 p+1 p+1 1 0

Tables 1-3, justifies that © is FTPG of T;,, thus by Lemma 1.1 we have,

4 < F(T,) <5.

a

Example 2.3 To verify Table 2, consider a convex polytope T, with parti-

tion set © = {©1,02,03,04,05}, where ©1 = {a; : 1 <i <7 U{b :1<

i <T7}U{c1,e3},00 ={ca},03 ={csa},04 = {c5,c6} and O5 = {c7}.
Representation of vertices of Tr, are as follows:
r(a1|©) = (0,3,5,3,2), r(az|®) = (0,2,4,4,3), r(a3|©) = (0,2, 3,4,4),

r(as4|®) = (0,3,2,3,5)
r(a7]©) = (0,4,4,2,2)
r(b11©) = (

r(b4]©) = (

r(b7]©) = (0,3,4,2,1).
r(c11©) = (0,1,3,2,1
r(ca©) = (

Y T(a5|®) = (0’ 47 27 27 4)7 T(a’6‘®) = (07 5? 3? 27 3))

072a4a372)7 T(b2|@) = (0’ 1a3747 3)7 ’l“(b3|@) = (0’2727374)7
0,3,1,2,5), r(b5]©) = (0,4,2,1,3), r(bs|©) = (0,4,3,1,2),

, (e21©) = (1,0,2,3,2), 7(c3]0) = (0,1,1,2,3),
1727071a3 ’ T(65|®) = (1?3’ 1707 2)7 T(CG|®) = (173a2’07 1>’
r(e71©) = (1,2,3,1,0).

It is clear from above distinct representations that © is fault tolerant partition
generator of Tr. Remaining 8 tables can be verified for different values of n.

3 FTPD of Convex Polytope R,

A convex polytope denoted by R,, has 4n 3-sided faces. Vertices of (7},) for
n > 3, are divided into three sets, A ={a; : 1 <i<n}, B={b;:1<i<n}
and C = {¢; : 1 <1i <n}. The cycle formed by {a; : 1 <7 < n} is called inner
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cycle, the cycle formed by {b; : 1 < i < n} is the central cycle and the cycle
formed by {¢; : 1 <7 < n} is called outer cycle. The set V(T;,) = AUBUC
and E(Tn) ={a;ai+1:1 <i<n—-1}U{a1a,} U{aib,} U{a;bjl1 <i<n}U
{biaiy1 : 1 <i<n—1}U{bic; : 1 <i<n}U{cciy1:1<i<n—-1}U{cic,}
are vertex and edge sets of convex polytope R, respectively. Graph of Rg is
displayed in Figure 2.

Figure 2: Convex Polytope Rg.

The following theorem will allow us to compute the bounds on FTPD of R,,.
Theorem 3.1 Let R, be a convex polytope with n > 3, then, 4<F(R,)<5.

Proof: Let © = {01,0,,03,04} be a partition of V(R,) for n = 3
and 4. For n = 3, consider, ©; = {a1,a2,a3,b1},02 = {b2,c2},03 =
{b3,c3} and ©4 = {c1}. For n = 4, consider, ©1 = {a1,a2,as3,b1},02 =
{aq,b4,c3,c4},03 = {b2,b3,co} and ©4 = {c1}. Easily it can be verified
that © is a FTPG for n = 3 and 4.

Now suppose, © = {©1,02,03,04,05} be a partition of V(R,,) for
n > 5. For n =5, consider, ©1 = {a; : 1 <i <5}U{b:1<i<4},09 =



148 Kamran Azhar, Asim Nadeem and Yilun Shang

{55,64,05},@3 = {Cl}, @4 = {CQ} and @5 = {63}.

For n = 6, consider, ©1 = {a; : 1 < i <6} U{b; : 1 <i<6}U
{c1,¢4},02 = {c2},03 = {c3},04 = {c5} and O5 = { f6}.
For n = 9, consider, ©1 = {a; : 1 <i <9} U{b; : 1 <i <9} U

{e1,¢2},02 = {c3},03 = {c4,c5}, 04 = {6, c7, 8} and O5 = {co}.
It can be confirmed that © is FTPG for n = 5,6 and 9.

Case 1: When n = 3p for p > 4.

The r(v|®) with respect to ©1 = {a; : 1 <i < n}U{b :1<
i <n}U{c:1<i<p—1}U{cpr1,n—p-1},02 = {cp},03 =
{ci:p+2<i<n—p-2},0,={¢;:n—p<i<n-1}
and O5 = {c,} are shown in Table 4 which can be verified by
substituting appropriate values.

Table 4: R,(V(Ry,)) for n =3p,p >4

| Distance of vertex Hfrom @1[ from O [ from O3 [ from ©O4 [ from O5 ‘

a1 0 p+1 o+3 2 2

airi(1<i<p—1) 0 p+1—i | p+3—i i+ 2 i+ 1
Qo1 0 2 3 p—!—l p+1
apr1+:(1 <i < [£)) 0 i+1 2 p+1—i | p+1+4
apnj+in(1<i<[91-1) 0 JI5f+i+1 2 [S1+1—if51+1—4
azpri(1<i < [£]41) 0 P+ i+ 2 2 p+2—1
2 (<1< [31-D| 0 [[31—i+1|[5]+it3] 2 [[51-i+1

bi(1<i<gp) 0 o+1—i | p+3—1 i+ 1 i
bor11:(1<i < [8]-1) 0 i+1 1 p—1 p+1+i
brn(1<i<[§]-1) 0 [£1+4 1 (2] +1—qf|[2]+1—4
bop—11i(1<i<[2]+1) 0 p+i—1 i+ 1 1 p—i+2
boojg)+:(1<i < [5]) 0 (2] —i+1|[£]+i+2 1 (€] —i+1

c(l<i<p-—1) 0 p—1 p+2—1 i+1 i

Co 1 0 2 [9) (9]

Cot1 0 1 1 p—1 p+1
cor14:(1 <i < [£2] 1) 1 i+1 0 p—i—1 | p+1+1
(<1< (5] -2) 1 (5] +3 0 [51—i | I31—i
C2p—1 0 gO—l 1 1 p+1
02@,1+i(1§i§L§J+1) 1 p+i—1 i+1 0 p—1+1
cr 121 (1<i<[5] 1) 0 (21— [[5]+it2| O BEX

Cn 1 © o+2 1 0

Case 2: When n=3p+1 for p > 2.
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The r(v|®) with respect to ©1 = {a; : 1 <i<n}U{b:1<i<
nfU{c:1<i<p—1}U{cpt1},02 ={cp},03={ci: p+2<
i<n—p-1},0s={c;:n—p<i<n-—1} and O3 = {¢,} are
shown in Table 5.

Table 5: R,(V(Ry)) forn=3p+1,p>2

l Distance of vertex Hfrom 61[ from ©- [ from O3 [ from ©4 [ from Oj ‘

a1 0 p+1 p+2 2 2
ai1(1<i<p-—1) 0 p+1—1 | p+3—1 142 141
Apt1 0 2 3 ©+2 p+1
apr1+i(1 <i < [5]) 0 141 2 p+2—1 | p+1+1
ajzji(1<i<[8]) 0 [S1+i+1 2 51 +2—i[51+1—i
azpriti(1 << [8]+1) 0 pt+i+1 t+1 2 p+2—1
an_2)(1 <0< 5]) 0 [2] —i+1[[2]+i+1 2 [$]—i+2
bi(1<i<p) 0 p+1—i | p+3—i i+1 i
bot1 0 1 2 p+1 p+1
bor1+:(1 <i < [§]) 0 t+1 1 p—i+1 | p+1+r
brgw(lgig‘g') 0 [S]4+i+1 1 [E1+1—if[5]+1—1
bzp+i+1(1§igl_%J) 0 p+i+1 1+ 1 1 p—14+1
bn,(%wi(lﬁiﬁ(%]) 0 5] —i+1|[§]+i+1 1 [£1—-i+1
c(1<i<p-1) 0 o —1 p+2—1 141 i
Cp 1 0 2 p+1 ©
Cpt1 0 1 1 9] p+1
ey <i<[3]) T [ 151+ 0 (Bl r1 i [21-
c2p4i(1 <i < [9]) 1 p+i i 0 p—it+l
o s A<i< [ZD] 1 [5T—i | [5]+¢ 0 |[5]—it1
Cn 1 © p+1 1 0

Case 3: When n = 3p+2 for p > 2. The r(v|0) with respect to ©1 = {a; :
1<i<n}u{b:1<i<n}U{c:1<i<p}03={cp+1},03=
{ei:p+2<i<n—p—-1},04={c;:n—p <i<n-1}
and O5 = {c,} are shown in Table 6 which can be verified by
substituting appropriate values.

Table 6: R,(V(Ry)) forn=3p+2,p > 2

| Distance of vertex Hfrom @1[ from O, [ from O3 [ from ©O4 [ from O5 ‘

a1 0 ©+2 p+2 2 2
air1(1 <i < p) 0 0+2—i | p+3—1i i+ 2 i+1
Ap+2 0 2 2 p+2 @+2
apra+i(1<i < [2]) 0 i+ 1 2 o+2—i | p+2+i
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Distance of vertex

Hfrom @1[ from O [ from Oj3 [ from ©O4 [ from Oj [

g i (1<i<[5]) 0 [IBI+i+1] 2 [[51+2—i[[31+1—i
azprit2(1<i<[S]+1) 0 pt+i+l i+ 1 2 p+2—1i
a, g (1<i<[5]—1) 0 BT =i+ 1|[2]+i+2 2 el —ir1

bi(1<i<p-+1) 0 p+2—i | p+3—i i+1 i
bor11i(1 <i < [5]) 0 i 1 p—i1+2 | p+1+1
b rin(I<i<[Z]+D] 0 BEX 1T [[B]+2—i[E]+1-1i
boprita(1 <@ < [F]) 0 ptitl i+1 1 p—it?2
b2 (1<i<|5]) 0 2] —i+1|[2]+i+1 1 [£]—i+1
c(1<i<p) 0 o—i+1 | p+2—i i+1 i
Cpt1 1 0 1 p+1 o+1

claj(l1<i<[5]) 1 5]+ 0 [T5T+1—4 [21—4

coptit1(1 <1< [51) 1 pti i 0 p—itl
cno2ji1(1 <9< [5]) 1 5] —i+1] [§]+4 0 [E]—i+1

Cn 1 o+1 p+1 1 0

Tables 4-6, justifies that © is FTPG of R,,, thus by Lemma 1.1 we have,
4 < F(R,) <5. O

4 FTPD of Convex Polytope U,

A convex polytope denoted by U, has 3-sided, 4-sided and 5-sided faces.
Vertices of U, for n > 3, are divided into four sets, A = {a; : 1 <i < n},
B={b:1<i<n},C={¢:1<i<n}and D={d;:1<i<n}. The
cycles formed by {a; : 1 <i<n}, {b:1<i<n}, and {d;: 1 <i<n} are
called the interior cycle, the center cycle, and the exterior cycle respectively.
The set of vertices {¢; : 1 <1i < n} is called the set of interior vertices. The set
V(U,) = AUBUCUD and E(Un) = {a;a;+1 : 1 <i < n—1}U{ara,}U{a;b; :
1<:i < n}U{bib/L’+1 1< < ’I’L—l}U{blbn}U{biCi 1< < n}U{cidi 1<
1 < TL}U{CZ‘_HdZ' 1< < n—l}U{Cldn}U{dz‘dH_l 1< < n—l}U{dldn}
are vertex and edge sets of convex polytope U, respectively. Graph of Ug is
displayed in Figure 3.

The following theorem will allow us to compute the bounds on FTPD of U,,.

Theorem 4.1 Let U, be a convex polytope with n > 3, then, 4 < F(U,) < 5.

Proof: Let © = {O1,02,03,04} be a partition of V(U,) for n = 3 and 4.
When n = 3, consider, ©1 = {a; : 1 <i<3}U{b: 1 <i<3}U{q:
1 < ) < 3}, @2 = {dl}, @3 == {dg} and @4 = {dg}
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ds

Figure 3: Convex Polytope Us.

When n = 4, consider, ©1 = {a; : 1 < i < 4} U {b1,b2},02 =
{bg, b4, Cc3, C4, dg}, @3 = {Cl, dl, d4} and @4 = {CQ, dg}.

It is obvious that © is FTPG for n = 3 and 4.

Now suppose, © = {©1,03,03,04, 05} be the partition set of vertices
of Uy,. The r(v|©) for n > 5, considering ©1 ={a; : 1 <i<n}U{b:1<
iSn}U{Ci 01 SZSTL}U{CZZ 1< < p—l},@g :{d@},@;g :{di:
p+1<i<n—p}Os={d:n—p+1<i<n-—1}and O5 = {d,} are
given in Tables 7-9 which can be verified by substituting appropriate values.

Table 7: R,(V(Uy,)) for n =3p, p > 2

| Distance of vertex Hfrom 91[ from O, [ from O3 [ from ©O4 [ from ©O5 ‘
] a;(1<i< p) I 0 Je+3—i[p+4d—3i]| i+3 | i+2 |
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Distance of vertex

Hfrom @1[ from O, [ from O3 [ from O, [ from Oj [

ap+1(1 <i < [8]) 0 i+ 2 3 p—i+4 | p+2+:
arn1(1<i<[2]4+1) 0 [£]+i+2 3 (] +4—d[[2]+3—i
a2@+1+¢(1§i§|—%1—1) 0 o+1+3 i+ 3 3 o+2—1
an_ 2] (1 <0< 5]) 0 (2] —i+3|[2]+2+1 3 [S]+3—1
a5 (1<i< [5]) 0 [[G]—i+2[[5]+i+3] 2 [[5]—i+2
bi(1<i<p) 0 p+2—1i | p+3—i i+ 2 i+1
bor1(1<i<[2]) 0 i+1 2 p—i+3 | p+1+1
brap(1<i<[S]+1) 0 |I§T+i+1 2 15/ +3—ill5]+2—7i
bapr1i(1 <i<[£]-1) 0 p+i+2 i+ 2 2 p+1—1
b2 (1 << [5]) 0 (2] —i+2|[8]+1+4 2 [$]+2—1
c(1<i<p) 0 p+1—i | p+2—1 i+1 i
cor1(1 <i<TE]) 0 i 1 p—i+2 p+i
o+ (1<i<[2]+1) 0 [£]+1 1 (] +2—d[[2]+1—i
62@+1+i(1§i§|_%—|—1) 0 §)+’L'+1 i+1 1 p—i
cotg)i0 << [5]) 0 [[g]—i+1] T51+: T (Bl +1-—¢
d(1<i<p-—1) 0 p—1i p+1—i i+1 i
d, 1 0 1 p+1 ©
dor1(1 <i<[8]) 1 i 0 p—i+1 p+i
dn L (1<i<[9]) 1 (ET+i 0 [T51+1—4 (31—
dopti(1 <i < [9]) 1 pti i 0 p—1
d, o1 (1<i<[5]-D|| 1 21— | 5]+ 0 B
dn 1 © © 1 0

Table 8: R,(V(Uy)) forn=3p+1,p > 2

| Distance of vertex Hfrom 91[ from O, [ from O3 [ from O4 [ from Oj ‘

ai(1<i<p) 0 p+3—i | p+da—i i+3 i+ 2
ap+1(1<i< [2]+1) 0 i+2 3 0—i+5 | p+2+1
arn1+:i(1 < <T51+1) 0 |l5]+i+3 3 [S1+4—il5]+3—i
azpr2+i(1 <i < [£]—1) 0 p+it4 i+3 3 +2—i
a5 (1<i<[5D) || O [[3]-i+3[[5]+2+i 3 [[5]+3—i

bi(1<i<gp) 0 p+2—1i | p+3—i i+ 2 i+1
bor1(1<i< [2]+1) 0 i+1 2 p—i+3 | p+1+i
biyn(L<i<[51+D ] 0 [[5]+i+2] 2 [[51+3—i[[5]+2—i
bopiori(1 <i<[2]—1) 0 p+i+3 i+2 2 p+1—1i
by re11:(1 << [5]) 0 (2] —i+2|[5]+1+1 2 [$1+2—1

c(1<i<p) 0 p+1—i | p+2—1i i+1 i
cor1(1<i<[2]+1) 0 i 1 p—i+3 o+
crmn(1<i< 2]+ 1) 0 [[B]+i+1 1 (e +2—4|[C]+1—3
62@+2+i(1§i§L%J—1) 0 p+i+2 i4+1 1 o—1
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| Distance of vertex [[from ;] from ©; [ from O3 [ from ©, [ from ©5 |

cn,(%wl(lglﬁ[%n O L%J_l+1 \_%J""L 1 [%W'&‘l—l
dil1<i<p-1) 0 p—1 p+1—1 141 i
dy 1 0 1 o+1 ©
do+1(1 <i < [8]) 1 i 0 p—1+2 o+
dizj+:(1<i<[§]+1) 1 FHEX 0 [§]+2—i] [5]—:
dgp+l+1(1< S[%-‘—l) 1 p-|—7,-|—1 7 0 ©O—1
dp 19 (1<i<[5]) 1 [51—-7 [[§1+i-1 0 [§1-i+1
dn 1 © © 1 0
Table 9: R,(V(U,)) forn=3p+2,p>1
Distance of vertex fr(:))m from O3 | from O3 | from ©4 | from O
1
ai(1 <i<p) 0 p+3—1i | p+4—i 1+ 3 142
Apt1 0 3 3 p+4 ©o+3
apt14i(1 <1< [51) : i
for o > 2 0 i+ 3 3 p—1+5 | p+3+1¢
as for p=1 0 4 3 4 5
ag for p=1 0 5 3 3 4
as for p=1 0 4 4 3 3
as for p =2 0 5 3 5 6
ae for p =2 0 6 3 4 5

arni(1<i<|2]+2 ,

W(fongUJ 0 |[e1+it3] 3 |18 4s—i|[2)+3
a2@+3+i(1§i§f%]—2) 0 o+1+5 i+ 3 3 ©o+2—1
e L (<i<|[g]+1 ‘ ‘

Un—Lg1+ f(lj(w—;z—m Moo [z —its (9] + 1+ 3 2] +4—i
bi(1<i<g) 0 0+2—1i | p+3—1 i+2 i+ 1
bot1 0 2 2 p+3 o+ 3
bor1+i(1 < <[5]) ; ;
for o > 2 0 i+2 2 p—t+4 | p+1+4+1
bs for p =1 0 3 2 3 4
by for p=1 0 4 2 2 3
bs for p=1 0 3 3 2 2
bs for p =2 0 4 2 4 5
be for p =2 0 5 2 3 4
bra+i(1<i<[§]+2) , >

2 forp232 0 [[£]4+i+2 2 LS/ +4—d||5]+2—1
bopyari(l <i < [8]-2) 0 p+i1+4 1+ 2 2 p+1—1
b, 2.1 (1<i<|[2]+1 _ ,

g1+ f;(rp_>2_L2J Moo iz —ive| 191+ 2 |8l 3

a(l<i<g) 0 p+1l—i | p+2—1 i41 i
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from

Distance of vertex o from O, | from O3 | from ©4 | from O3
1

Cot1 0 1 1 P+ 2 o+1
Cor1+i(1 <@ < [F]) : i ;
for o > 2 0 i+1 1 p—t+3 | p+1+4+1

c3 for p=1 0 2 1 2 3

ca for p=1 0 3 1 1 2

cs for p=1 0 2 2 1 1

cs for p=2 0 3 1 3 4

ce for p=2 0 4 1 2 3
cro1i (1<t < €] +2) . n )
131+ forp>é2j 0 |[914i+1] 1 |[2]43—d|(2]+1—
Cn—| 2] +i— (1SZ§\_EJ+1) n . o .
L5+ fgwn 2 0 |l&)—i+1|[]+i-1 1 2] +2—i

di(1<i<p-1) 0 o—1 p+1—1 1+ 1 i

dy 1 0 1 p+1 ©

do1(1 <0< [2]+1) 1 i 0 p—1+3 o+

ds for p=1 1 2 0 1 2

dg for p=1 1 2 1 0 1

ds for p=1 1 1 2 1 0

ds for p =2 1 3 0 2 3

dg for p =2 1 4 0 1 2
dinji(1<i<[§]+1) 1 |5]+i+1 0 [514+2—4| [5]—1
doptit2(1 <i<[£] 1) 1 p+i+2 i 0 p—1
do 5o 0 <i<[3D [ 1 | 317 [GJri-1] 0 (5] it1

dnp 1 © © 1 0

Tables 7-9, justifies that © is FTPG of U,, thus by Lemma 1.1 we have,
4 < F(U,) <5. O

5 Application of Fault-Tolerant Partition
Dimension in Flood Relief Networks

In flood-affected regions of Pakistan, efficient and reliable distribution of
relief supplies is critical. A relief distribution network can be modeled as
a graph where nodes represent delivery points (such as camps, shelters, or
villages), and edges represent transport routes between these points. The
entire region is divided into multiple relief zones, each served by a central
relief hub, analogous to distribution reservoirs in utility networks. The
primary objective is to ensure the timely and efficient delivery of aid—such
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as food, clean water, and medical supplies—to all affected zones. However,
several operational challenges affect this network:

i. If central relief hubs are located far from delivery points, more trans-
portation time and resources are required, increasing the overall oper-
ational burden.

ii. As the number of relief zones increases, so does the complexity and
time required for coordination and distribution.

To address these challenges, a partitioned distribution model is employed.
In this model, a central relief hub is established in each partition zone,
enabling a more flexible and efficient operation. Each hub is responsible
for a distinct set of delivery points, significantly reducing travel distances
and ensuring rapid relief delivery. We consider modeling the relief region
as a graph with structure T;. The vertices represent delivery points and
vertex representations are organized based on partition sets, as defined in
Theorem 2.2. In large-scale disaster operations, such as those during floods,
fault-tolerance is a critical requirement. Relief hubs may become inoperative
due to road blockages, equipment failures, or communication breakdowns.
To ensure uninterrupted service, the network incorporates redundancy by
assigning one-third of the nodes in each partition set as backup relief hubs.
The representation of vertices of T}, are as follows:
r(a11©) = (0,1, 1,2), r(a2]®) = (1,0,2,2),

r(a3|®) = (2,0,1,2), r(aq|0) = (1,1,0,2),
r(b11©) = (0,1,2,1), r(b2|©®) = (2,0,2,1),
r(b3|©) = (2,1,0,1), r(b4|©®) = (1,2,0,1),
r(c1|©) = (1,2,2,0), r(c2|®) = (2,1,2,0),
r(c3]©) = (3,2,1,0), r(c4|O) = (2 3,1,0).

From the unique representation of vertices, it is evident that even if a
primary hub fails, the backup hubs within the same partition ensure that aid
continues to reach the designated delivery points. This resilience mechanism
demonstrates the fault-tolerant partition dimension of the relief network
graph. It ensures no affected population is left without assistance, thereby
maintaining service continuity and reliability during critical moments of
disaster relief.

6 Conclusion

In this study, we investigated the fault-tolerant partition dimension, FTPD,
of three important classes of convex polytopes: T;,, R,, and U,. Given the
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complexity of determining exact FTPD values, we focused on establishing
sharp upper and lower bounds. Our results demonstrate that for each class,
the FTPD lies within the bounds 4 < F(G) < 5, where G € {T,,, Ry, U, }.
These findings contribute to the broader understanding of fault tolerance in
networks modeled by convex polytopes. The partition-based approach used
here reinforces the robustness of such structures in real-world applications
like communication, supply chains, and sensor networks. Additionally, we
confirmed that FTPD is at least as hard to compute as partition dimension,
reflecting its computational complexity. This work also opens avenues for
deeper explorations of FTPD in higher-dimensional or irregular polytopes.
We conclude by proposing the challenge of determining the exact FTPD for
these polytopes as an open problem.
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