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Abstract

The energy of a vertex in a graph plays a very important role in
terms of its contribution to the total energy of a graph, a significant
graph invariant in the field of chemical graph theory. Particularly, the
computation of vertex energies of various types of graphs in general and
integral graphs has been carried out in recent studies. Working in this
direction, we determine the vertex energy of all connected non-regular
non-bipartite integral graphs with maximum vertex degree four in
this article.
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1 Introduction

In mathematical chemistry, the notion of graph energy, first proposed by
Gutman [6], has been a very significant graph invariant. A lot of research
has been done on graph energy and its variations because of its strong
correlation with the total m-electron energy of molecules, found using basic
Hiickel orbital calculations.

Let G = (V, E) be a simple undirected graph of order n with vertex
set V(G) = {v1,v2,---,vp}. The adjacency matrix of G is defined as
A = A(G) = [ay), ., such that a;; is 1 if there is an edge between the
corresponding vertices v; and v; and 0 otherwise. Further, if Aq,---, A, are
the eigenvalues of A, all real as A is real symmetric, then the energy £(G) is
defined as

n

E(G) = |l

=1

The study of integral graphs was formally initiated by Harary et al. in [8]. As
discussed in this article, a graph is said to be integral if its adjacency matrix
has only integral eigenvalues. The number of integral graphs is infinite and
can be found in various graphs of different classes and orders but identifying
them is very difficult that makes the study of such graphs more interesting
and challenging. Also, focusing on studying connected integral graphs is
sufficient as the spectra of a disconnected graph is simply the union of that
of its connected components. In this direction, different classes of integral
graphs with reference to their intrinsic properties such as degree, regularity
and diameter have been studied rigorously in literature. For related work on
integral graphs and a detailed survey, we refer [3-5].

As discussed in [3], the spectrum of a non-regular integral graph with
maximum degree four lies in the segment [—3, 3]. Further, as studied by
Radosavljevic and Simic [9], there are just thirteen connected non-regular
non-bipartite integral graphs having maximum vertex degree four, as shown
in Figure 1.

The concept of the energy of a vertex of the graph G was introduced in
the year 2018 by Arizmendi et al. [2]. It is defined as

gG(vi) = ‘A‘Zu i = 1727 e, N,

where |A| = (AA*)% and A* is the conjugate transpose of A.
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Figure 1: The thirteen connected non-regular non-bipartite integral graphs with
maximum vertex degree four.

In [2], the authors showed that the energy of a graph is equal to the
sum of the individual energies of all its vertices. Further, the authors
in [1] presented an idea to compute the vertex energy in terms of the
eigenvalues and eigenvectors and looking at the graph energy as the sum of
the individual vertex energies in a graph. Additionally, they established a
number of inequalities giving bounds for the vertex energy and discussed
some examples and counterexamples of natural conjectures for this parameter
in order to signify its use in future graph energy research. Later, Ramane
et al. [10] computed the vertex energies of the subdivision of some of the
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commonly studied graph structures, including complete graphs and complete
bipartite graphs. Gutman and Furtula [7] introduced a method to calculate
the energy of a vertex using the eigenvalue matrix and orthonormal matrix
of the eigenvectors of the graph. In [11], Sharathkumar et al. determined the
vertex energy of all non-trivial connected integral trees of order up to thirty.
Similarly, Shrikanth et al. [12] worked on computing the vertex energies of
all non-trivial connected integral graphs of order up to seven.

We now present some of the basic definitions and results, in literature,
for further discussion.

Lemma 1. [I] Let G = (V, E) be a graph with V(G) = {v1,--- ,vn} and
let A= A(G) = [asj] be the adjacency matriz of G with Ai,--- , A, being the
eigenvalues of A. Then, the energy of each vertex v; is given by

n
SG(/UZ):ZPZ] |)\]|a Zzlv , 1,
j=1
where \j denotes the Gt eigenvalue of A and the weights Dij s satisfy

n n
Zpij =1 and Zpij =1.
i=1 j=1
2

The values of p;;’s can be obtained using the expression p;; = u;;
where U = [u;;] is the matrix representing the orthonormal eigenvectors
corresponding to the eigenvalues of A.

Alternatively, as explained in [1], by considering the graph to be rooted
at a given vertex, for each k € N, a measure ¢;(A") is associated to the graph
by defining it as the k' moment of A with respect to the linear functional

¢;. Then, we have the following lemma.

Lemma 2. [1] Given a graph G of order n, let ¢; (Ak) be the k' moment
of A w. r. t. the linear functional ¢;, for k € N and for eachi=1,--- n.

Then, .
i (Ak> = piAl
j=1

with ¢; (Ak) corresponding to the number of v; — v; walks in G of length k.

Accordingly, for each i, by finding the number of v; — v; walks in G of
length £, we can construct a system of linear equations involving p;;’s, that
are obtained by solving the system.
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Once p;;’s are obtained using one of the above discussed methods, the
energy of each vertex is obtained using their values in Lemma 1.

A graph G is said to be vertex-transitive, or node symmetric, if for
any two vertices u,v € V(G), there exists an automorphism f such that
f(u) = v. In other words, a vertex-transitive graph is the one in which every
vertex is structurally identical to every other vertex so that no vertex is
distinguishable from any other by means of the vertices and edges in its
vicinity. Further, all vertex-transitive graphs are regular but not vice versa.
Some common examples of vertex-transitive graphs are complete graphs,
cycles, hypercubes and the famous Petersen graph.

Other than vertex-transitive graphs, there are graphs that have many
vertex symmetries. For example, consider the graph G in Fig. 1 with vertex
set V= {v1,--- ,v7}. It is easy to observe that it has three vertex symmetries
in the form of {v1,vs5}, {ve,v4, ve,v7} and {vs}. Similarly, in the graph Gy,
there are five vertex symmetries, namely {v1}, {ve,vs}, {va}, {vs,v6} and
{vr,-+ ,vi0}.

During the study of vertex energy in a graph, instead of computing the
energy of each vertex in it, one can compute the energy of one vertex in
every symmetry set of its vertices, so that the energy of all the vertices in
each such set remains the same. This method simplifies the whole process
thereby reducing the complexity involved. Working in this direction, in the
present study, we determine the vertex energy of all the thirteen connected
non-regular non-bipartite integral graphs having maximum vertex degree
four by observing the different vertex symmetries in them, and then using
the method explained in [1,11]. We use wxMaxima, a free, open-source,
cross-platform GUI for the computer algebra system Maxima, to solve the
system of linear equations involved in the study and to compute the vertex
energies for each of these graphs.

2 Main Results

In this section, we determine the vertex energies of the 13 connected non-
regular non-bipartite integral graphs having maximum vertex degree 4 given
in Figure 1.

Theorem 3. For the graph Gy, with V(Gy) = {v1,--- ,vr},
1.0667 if v = vy, vs,

Eay (V) =< 1.5667 if v = va,v4, Ve, V7,
1.6 otherwise.
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Proof. For the graph G1, the characteristic polynomial is given by
P(Gi;A) = —AT+10A° + 82" — 21A% — 32)% — 12

The eigenvalues of G1 are Ay = =2, A0 = 2,A3 =3,y = —1 and A5 =0
with corresponding geometric multiplicities [1, 1, 1,3, 1]. By observation, it
is seen that the vertex set of G; can be partitioned into 3 sets, based on 3
different vertex symmetries, namely Vi = {v1,v5}, Vo = {va,v4, v6, v7} and
Vs = {v3}. Accordingly, all the vertices belonging to a symmetry set have
the same energy. Further, since there are only five distinct eigenvalues, by
Lemma 2, the energy of the vertices of G can be obtained by solving three
5 x b systems of equations, one each for a symmetry, from calculating the first
moments on one side and directly counting walks on the other, considering
the following three cases.

Case 1: Let p11, p12, p13, P14, P15 be the weights of the vertex v € V; in Gj.
Then, we have
P11 +pi2+pi3 +pua+pis =1
P11A1 + pi2A2 + p13As + prada + pisAs =0
P1IAT 4 1223 + p13A3 + puaAi + pisAZ = 2
PuiAY + p1aAs + pisAf + praAl + pisAl =2
P1iAT + 123 + p13A; + praAi + pisAs = 10.
Solving the system of equations, we get

pi1 = 0.1, p12 = 0.1667, p13 = 0.0667, p14 = 0.3333, p15 = 0.3333.

Thus, the energy of each vertex v € V is given by

€c,(v) = p1j|Aj| = 1.0667.
j=1

Case 2: Let pa1, pao, pos, pa4, P25 be the weights of any vertex v € Vs in Gj.
Then, we have
P21 + P22 + P23 + pos +pos =1
D211 + P22A2 + P23z + pasAg + pasAs =0
PoAT + D223 + D233 + P2 + pasAi =3
P21 A} + P22 A3 + Pas A3 + pau i + pasAd =4
Pa1AT + D223 + P33 + P + pashs = 17.
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Solving the system of equations, we get
pa1 = 0.1, p20 = 1.1667, pog = 0.15, pog = 0.5833, po5 = 0.
Thus, for each of the vertices v € V5,
n
E€6,(v) = pa; |Aj| = 1.5667.
j=1
Case 3: Let p31, p3o, P33, P34, P35 be the weights of any vertex v € V3 in G7.
Then, we have
P31+ P32+ P33+ p3atp3s =1

D31A1 + P32A2 + P33A3 + P3ada + p3sAs =0

P31AT + p32A3 + p3sA3 + psud] + pssAZ =4

P31A} + p32As + pssAf + psad} + pss Al =4

P31AT + D323 + p3sAs + psai + pasAs = 28.
Solving the system of equations, we get

p31 = 0.4, p32 = 0, p33 = 0.2667, p34 = 0, p3g5s = 0.3333.

Thus, the energy of each of the vertices v € V3 is given by
n
£6,(v) = p3;|Aj| = 1.6.
j=1

Note:

e As discussed in [11], the computation of the vertex energies of a graph
G, with k distinct eigenvalues and r vertex symmetries, can also be
done by combining the resultant r systems, each with k£ equations and
k unknowns, together as a linear system

JP =Y,

where

1 1 1

A\ Aa g P11 p21r - Pril

P12 P22 - DPr2

J=| A N e N p=| T

k‘—l k‘—l . k‘—l Pik P2k - Prk

)\1 )\2 L )\k Exk T kxr
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$1(1) $2(1) ¢r(1)

and Y =

ST oA e o) )
Solving the system JP =Y gives the values of p;;’s, which in turn,
can be used to find the individual vertex energies of the graph.

e The above method is particularly useful if the number of vertex sym-
metries in a graph is large.

e For the remaining part of the article, we employ the above method to
compute the vertex energies of graphs.

Theorem 4. For the graph Go, with V(G2) = {v1,- - ,v7},

1.5667 if v = vy, v3, V4, Vg,
Ea,(v) = ¢ 1.0667 if v = va,vs,
1.6 otherwise.

Proof. The characteristic polynomial of G5 is given by
P(Go;N) = — AT+ 10A° +4A" — 2107 — 427 + 12X

Accordingly, the spectrum of Gy is given by 3, —1,12, —22,0 with the
distinct eigenvalues being A\1 = 3,0 = —1,A3 = 1,y = —2 and A5 = 0.
Thus, the vertex set of G5 can be partitioned into 3 sets, based on 3 different
vertex symmetries, namely {v1,v3,vq,v6}, {v2,v5} and {v7} , so that all the
vertices belonging to a set have the same energy.

Therefore, as discussed in the earlier part of the section, we have the
matrices J of order 5 x 5, P and Y of order 5 x 3, given by

I 1 1 P11 P21 P31
A1 A2 A5 P12 P22 P32
J=| A N M [.P=]| pis pas ps3 | and
)\zf A% )\g P14 P24 P34
AL A3 P15 D25 D35
1 1 1
0o 0 O
Y = 3 2 4
2 0 4
17 10 28
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where Y is computed by counting the number of v; — v; walks of length
j=1,---,4 for each ¢ = 1,2,3. Solving the system JP =Y, we get

0.15 0.0667 0.2667
0.25 0 0
P=1 03333 0.3333 0
0.2667 0.2667 0.4

0 0.3333 0.3333

Substituting the values of p;;’s in Lemma 1, we arrive at the required
result. O

Using the proof technique adopted in Theorem 2, we obtain the vertex
energies of all the remaining graphs Gs,--- ,G13. We omit the proofs for
these as they are repetitive and present only the obtained values of each
parameter namely, the distinct eigenvalues, vertex symmetries, the matrices
Y and P and the corresponding vertex energies of each of the graphs in
Tables 1 and 2.

3 Conclusion

In this article, we have determined the vertex energies of all connected
non-regular non-bipartite integral graphs with maximum vertex degree four
by finding the distinct eigenvalues and vertex symmetries to analyze the
contribution of energy of each vertex towards the total energy of the graph.

The following are some of the observations made based on the work
carried out.

e The computation of vertex energies of the graphs involved is non-trivial
as the whole process involves observing the vertex symmetries in the
graph and finding the number of walks of different lengths from a
vertex to itself.

e Dealing with graphs with non-integral eigenvalues is even more com-
plex as it involves solving linear systems with rational/irrational co-
efficients.

e The study of vertex energy distribution of classes of graphs of general
order is more challenging owing to the complexity involved. In this
direction, the authors in [7] have proposed a general method to find
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Vertex energies of the graphs Gs,--- , Gg

Table 1

Name of Distinct No. of
the graph eigen vertex Y P Vertex Energies
values |symmetries
-2 11 0.2 0.2
a -1 9 0 0 0.5 0 ﬁ 1.8 if v =102,
3 0 6 2 0 0.6667 0.8 otherwise.
3 4 2 0.3 0.1333
-2 2 4 4 2 0 0.1 0.1 0.4  0.4333 0.1083 10667 ifv—u
-1 10 17 28 22 4 0.3333  0.5833 0 0.0833 0.0833 L5667 menewe
G 0 5 18 38 52 28 2 0.3333 0 0.3333 0 0.5833 18 S 3
4 1 1 1 1 1 1 0 0 0 0.1667 0.1667 19 meuefe
2 0 0 0 0 O 0.1667 0.1667 0 0.1667 0.0417 06 oﬂrﬁimm 6:
3 2 3 4 4 1 0.0667 0.15 0.2667 0.15 0.0167 : :
-2 22 28 4 0.4333 0.4  0.1083
-1 0 0 0 0.0833 0 0.0833 19 o= 1o e vn.
0 28 52 2 0 0.3333  0.5833 C BT TS0
Gs 1 3 2 4 0 0.1667 0 0.1667 1.6 if v =7,
’ ’ 0.6 otherwise.
2 4 4 1 0.1667 0 0.0417
3 1 1 1 0.15  0.2667 0.0167
-2 0 4 2 0 0.2667 0.4  0.2667 0.0667 .
-1 0 0 0 0 0 0 025  0.25 %M%ﬂ MNMMH%
Gs 0 4 10 28 17 3 0.3333  0.3333 0 0.3333 15667 if o — 3,74
. UV = Vs, U7,
1 2 4 3 1 0.3333 0 0.3333  0.3333 07667 otherwine
3 1 1 1 1 0.0667 0.2667 0.15  0.0167 : :
-2 0 0 O 0.0333 0.3  0.1333
-1 8 24 19 0.5833 0.3333 0.5 1.3 if v = vy, V2, vg, V7,
G~ 1 3 2 4 3 0.1667 0 0.1667 1.8667 if v = v3, vs,
2 2 4 4 0.1667 0.1667 0.0 1.5333 otherwise.
3 1 1 1 0.05 0.2 0.2
-2 0 0 0 0.2 o.&%w o.g%% 13 i = 01, 0. vs. s
-1 2 3 4 0.25 0. : . 1 V2535 Vs
Gs 1 3 0 4 2 0.5 0.1667 0.3333 wmwww %mmﬂs&m%y
3 1 1 1 0.05 0.2 0.2 : :
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Table 2: Vertex energies of the graphs Go, - - -

Distinct No. of
Name of . .
eigen vertex Y P Vertex Energies
the graph .
values | symmetries
w 4 2 2 2 0 0.1 03083 0.4333 01 0.1083 15667 ifv= v v
- 17 18 22 10 4 0.5833 0.0833 0.0833 0.3333 0.0833 11 me|e:ewq
a 0 38 28 28 18 2 0 0.25 0 0.3333 0.5833 : o T Y2, Y4,
9 5 1.9 if v = vs, ve,
1 1 1 1 1 1 0 0.1667 0.1667 0 0.1667 10667 if v — v
9 0 0 0 0 0 0.1667 0.0417 0.1667 0.1667 0.0417 0.6 oéﬁimm
3 3 3 4 2 1 0.15 0.15 015 0.0667 0.0167 . :
2 22 10 10 0.4333 0.1  0.2667
-1 0 0 0 0.0833 0.3333
G 0 3 28 18 8 0.3333 0.3333 1.9 if v = v2, va, Ve, Vs,
10 1 2 2 0 0.1667 0 0.3333 1.0667 otherwise.
9 4 2 2 0.1667 0.1667
3 1 1 1 0.15  0.0667 0.0667
2 22 10 4 18 0.4333 0.2667 0.1083 0.3083
-1 0 0 0 O 0.0833 0 0.0833 0.0833 1.9 if v = v1,vs,v4, v,
a 0 4 28 8 2 28 0 0.3333 0.5833  0.25 1.0667 if v = va, s, Vs,
1 1 2 0 0 2 0.1667 0.3333 0.1667 0.1667 0.6 if v = vr,v10,v11,
9 4 2 1 3 0.1667 0 0.0417 0.0417 1.4 otherwise.
3 1 1 1 1 0.15 0.0667 0.0167 0.15
2 13 9 24 8 0.3667 0.2417 0.4667 0.0333
-1 3 2 4 2 0.0833 0.0833 0 0.5833 1.6333 if v = vy, v,
a 0 4 6 6 34 16 0 0.25 0 0 1.1333 if v = vg, vs, V10, V11,
12 1 0 0 2 2 0.3333 0.3333 0.3333 0.1667 1.8667 if v = vs,va,v7,
9 0 0 0 0 0.1667 0.0417 0 0.1667 1.3 otherwise.
3 1 1 1 1 0.05  0.05 0.2 0.05
—2 0 0 2 2 0.3833 0.2583 0.45  0.325 15333 o= v v
0 13 9 22 18 0.1667 0.4167 0.1667 0.4167 10333 ?\e:%,e "
Gis 1 4 0 0 0 0 0.1667 0.1667 0 0 18 meu%,@f 8, V10,
2 3.2 4 3 0.25 0.125 025 0.125 13 otherwiss,
3 1 1 1 1 0.0333 0.0333 0.1333 0.1333 : :




208

Pooja N. Simha, Shylaja B. P. et al.

the vertex energies of any graph by finding all its eigenvalues, the
corresponding eigenvectors and then finding the orthogonal eigenvector
matrix. This method is particularly applicable for general graphs with
larger vertex degrees and with less/no symmetries.

The energy distribution among the vertices in the graphs does not
seem to correlate with the structural properties of the graph such as
vertex degree, centrality and distance. For instance, the vertices vy
and vy in G4 have the same vertex degree but different vertex energies.
Similarly, in G5, the central vertex v7 has lesser energy compared to v
whereas in 11, the energy of one of the central vertices v is greater
than that of the pendent vertices. Also, in GG1g, vertices in two different
vertex symmetry sets, namely {v1,v10} and {vs,vs,v7,v9}, have the
same vertex energy. Thus, vertices that do not belong to the same
vertex symmetry set may have the same vertex energy.

These observations imply that the study of energy distribution of vertices in
a graph is very interesting and challenging, particularly for general classes
of graphs. The method used in the study may further be extended to define
and determine the vertex energies of directed graphs, weighted graphs, fuzzy
graphs, etc. which provides a new direction of research. It can be therefore
concluded that there is a lot of scope for further research work in this field
of study.
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